Abstract. We study excitations of solitary waves -the kinks -in scalar models with degree eight polynomial self-interaction in (1 + 1) dimensions. We perform numerical studies of scattering of two kinks with an exponential asymptotic off each other and analyse the occurring resonance phenomena. We connect these phenomena to the energy exchange between the translational and the vibrational modes of the colliding kinks. We also point out that the interaction of two kinks with power-law asymptotic can lead to a long-range interaction between the two kinks.
Introduction
Field-theoretical models with polynomial self-interaction are widespread in modern theoretical physics, being applied to various phenomena from cosmology to condensed matter physics. In the latter, the most known example is perhaps the phenomenological Ginzburg-Landau model, where the complex scalar field of Cooper pairs has a polynomial self-interaction of the fourth degree. The ϕ 4 model with two degenerated minima is commonly used as a model example of spontaneous symmetry breaking, whereas models with more sophisticated potentials of higher polynomial degrees are applied, e.g., to model several consecutive phase transitions [1, 2] .
We further consider field models with a single real field and polynomial potentials that are even functions of field strength ϕ and have degenerate minima. Such models admit topological solutions -the kinks -that interpolate between two adjacent minima of the potential (the vacua of the model). The kinks of the ϕ 4 and ϕ 6 models are well studied, yielding many interesting results concerning, e.g., excitations of the kinks [3, 4] and scattering of two kinks off each other [5, 6] . At the same time, similar features of models with self-interaction of higher degrees, used in studies of many important phenomena [7] , have only recently started to be explored systematically [1, 8] .
Our work studies excitations of the ϕ 8 kinks and their relation to resonance phenomena in kink-antikink collisions. We connect the occurrence of so-called escape windows to the presence of vibrational excitations.
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2. A kink of the ϕ 8 model and its excitation spectrum The ϕ 8 model that we consider is described by the following Lagrangian in (1 + 1) space-time dimensions, with ϕ = ϕ(t, x) being a real scalar field:
where the potential V (ϕ) is a degree eight polynomial with two, three, or four degenerate minima ϕ i yielding V (ϕ i ) = 0. This Lagrangian develops topological BPS-saturated solutions ϕ i 1 i 2 (x), each of them connecting two adjacent minima, ϕ i 1 and ϕ i 2 [9] . To explore the excitation spectra of the kinks, one starts along the standard procedure used to study the linear Lyapunov stability: the kink is perturbed by a small deviation,
and the spectrum of ω 2 coincides to that of the time-independent Schrödinger-like problem with the potential
U (x) is a potential well with different or identical asymptotic values at x → ±∞ depending on the symmetry of the initial kink. The BPS kinks are classically stable, hence ω 2 cannot be negative; apart from that, it is easy to show that there always is an eigenmode with ω 2 = 0 -the translational (zero) mode. There can also be one or more discrete (vibrational) modes with ω 2 > 0, lying below the continuum part of the spectrum. We further consider a variant of the ϕ 8 that has four degenerate vacua, corresponding to the self-interaction potential
that has four degenerate minima ±a, ±b. Following [1] , we set a = ( √ 3 − 1)/2, b = ( √ 3 + 1)/2. Equation (4) admits three topological sectors, (−b, −a), (−a, a), and (a, b), each with its kink and the corresponding antikink. We constrain our study to the sector (−a, a), with the kink profile given by [1, 10] :
where µ = 2 √ 2a(b 2 − a 2 ). The antikink of this sector is obtained from equation (5) by substituting x → −x.
Our numerical study of the excitation spectrum of this kink confirms the existence of the zero mode (our result is ω 2 0 = −2 × 10 −8 , the deviation of which from zero can serve as an uncertainty estimate), and also finds a vibrational mode corresponding to ω 2 1 = 2.70491. The latter excitation manifests itself in resonance phenomena in kink-antikink collsions, as explained below.
3. Kink-antikink collisions in the ϕ 8 model A vibrational mode in the excitation spectrum of a kink (antikink) leads under certain conditions to a part of the kink's kinetic energy being transformed into small oscillations of the kink's profile -the resonant energy exchange between the translational and the vibrational modes. This gives rise to a host of exciting phenomena in kink-antikink collsions [5, 6, 11, 12] .
In order to explore how this mechanism works in the ϕ 8 model, we performed a numerical study of kink-antikink scattering in the topological sector described in the previous section, with the self-interaction given by equation (4) . The initial configuration was taken as the sum of the kink (5) and the corresponding antikink, located at t = 0, respectively, at x = ±x 0 , x 0 = 12.5, and moving towards each other with the respecitve initial velocities ±v in .
We found that there are several different scattering regimes, depending on the value of v in . In particular, there is a critical value v in = v cr 0.3160 such that the kink and the antikink bounce off each other at all v in ≥ v cr , see figure 1a . This process is only approximately elastic, i.e., v f < v in , which can also be seen in figure 1 . For example, v f = 0.23 at v in = 0.40, v f = 0.36 at v in = 0.50, and v f = 0.47 at v in = 0.60. At v in < v cr , on the other hand, the two kinks capture each other and form a long-lived quasi-bound state, the bion, see figure 1b . This, however, does not happen universally at all v in < v cr : we found narrow intervals of v in -the escape windows -where the kink and the antikink escape after two, three, or more bounces (see figure 1c , which shows an escape after two bounces). The phenomenon of escape windows is explained by the resonance energy exchange between the translational and the vibrational modes of the kink (antikink). The resonance condition
where T 12 is the time between the two bounces, δ is a constant, and n is an integer number, resulted in the empirical value of the resonance frequency ω R = 1.618 being very close to the frequency of the kink's vibrational mode, ω 1 = ω 2 1 = 1.644. 
Conclusion
In conclusion, we performed a first study of excitation spectra of the kinks occurring in the ϕ 8 field model. We connected the occurrence of a vibrational excitation of a single kink to the resonant energy exchange between this excitation and the translational excitation of the kink, leading to escape windows in the kink-antikink collisions. We would like to mention a case of special interest that can be realized in various field models. If the model has a vacuum where the second derivative of the self interaction potential turns to zero, the kink that approaches this vacuum does so under a power-law asymptotic, in distinction to the situation considered previously where the asymptotic is exponential. Such kinks can occur in the ϕ 8 model or models with higher polynomial degrees under certain choice of the potential parameters [1, 10] . Qualitatively, such a power-law asymptotic leads to a long-range interaction between the kink and the corresponding antikink. In particular, it would be interesting to study how well a kink-antikink system with long-range interaction can be treated using the collective coordinate method; we plan to perform such a study of the corresponding sector of the ϕ 8 model in the future.
